We study the influence of a periodic perturbation of the effective masses of the nucleons, due to the assumed semi-classical ultra-light dark matter background, on the motion of neutrons in a gravitational quantum well. Our focus is on the transition probability between the lowest two energy states, with the Rabi frequency in the kHz region corresponding to the series of "sweet spot" dark matter masses in the 10 −11 eV ballpark. The relevant probability is written in terms of the specific mass and of the effective coupling to the ordinary matter. These parameters can be constrained by the non-observation of any significant deviations of the measured transition probabilities from the dark-matter-free picture.
ferent from the usual particle scattering picture for WIMPs. Indeed, the observed energy density in DM yields occupation numbers so high that the system acts coherently resembling a classical wave rather than a set of individual quanta. Hence, in looking for the effects of such a form of matter in laboratory-based experiments one may take the advantage of simple quantum mechanical systems and consider their response to the quasi-classical DM background.
Recently the sensitivity of the atomic interferometry to oscillating scalar ULDM has been analyzed in [7] for scalar fields φ of masses in the range 10 −24 eV ≤ m φ ≤ 1 eV, corresponding to the Compton frequency, f φ = m φ c 2 /h, in the range of 10 −10 Hz ≤ f φ ≤ 10 14 Hz. Indeed, the linear and quadratic couplings [7] of the Standard Model (SM) fields with the DM fields give a modulation of the fermion masses and of the fundamental constants. This affects the mass of particles and of the Earth, the former taken into account by m 0 → m 0 + δm, the latter by a modification of the local gravitational acceleration g 0 → g 0 + δg.
In this letter we study how a Gravitational Quantum Well (GQW) experiment can either detect or constraint these effects due to ULDM, through a resonance mechanism between the ULDM oscillations frequencies and the frequencies associated to the neutron bouncing phenomenon in the GQW [8] . High precison GQW experiments have already been shown to give strong constraints on new physics, such as spacetime noncommutativity [9] , violation of the equivalence principle [10] , and more.
II. THE GRAVITATIONAL QUANTUM WELL
The GQW is a system conventionally made of a quantum particle in a potential well realized by i) a homogeneous gravitational field with its gradient oriented in the (by definition) vertical direction, say x, and ii) a horizontal mirror along, say, y (usually placed at x = 0), where the particle experiences perfect elastic reflection, see, e.g., [11] , and also Fig. 1 here.
The eigenvalue equation,ĤΨ s = E s Ψ s , s = 1, 2, ..., has well known separable form Ψ s (x, y) = ψ s (x) χ(y). Here the eigenfunctions corresponding to x are those of bound states (as for any potential well) and, as well known [11] , are given in terms of the Airy function ϕ
where the α s = {−2.338, −4.088, −5.521, ...} identify the zeroes of ϕ, x s = −α s x 0 , with
. One can introduce a dimensionless coordinate z ≡ x/x 0 +α s , in terms of which the normalization coefficients are written as A s ≡ (x 0 +∞ αs dzϕ 2 (z)) −1/2 . The eigenvalues are
For m 0 939.5 MeV, the mass of the neutron, and g 0 9.81m/s 2 , one has x 0 5.87µm, and m 0 g 0 x 0 0.603peV.
On the other hand, as the particle is free in the horizontal direction y, χ(y) corresponds to a packet of plane waves of continuous energy spectrum
where g(k) determines the shape of the packet in phase space.
In GQW experiments with neutrons [12, 13] , it has been possible to identify their quantum states, ψ s (x), by realizing a horizontal slit with the upper boundary corresponding to a scatterer/absorber, above the horizontal mirror. When the absorber is at a height less than a critical value, h < h crit s , the neutrons shot into the slit with energy E s (and greater) do not make it out on the other side of the apparatus, as they are absorbed by the scatterer/absorber. This critical value corresponds to the classical turning point for that given quantized energy 1 , that is, h crit s ≡ E s /m 0 g 0 = −α s x 0 = x s . Detailed description of the experimental set-up can be found in [12] , and in the review [8] (see also Fig. 1 here), while the report of the first identification of the lowest quantum state is in [12] .
Recently, Nesvizhevsky et al. [13] were able to measure the critical heights for the first two quantum states, obtaining the following results
The corresponding theoretical values can be determined from x n = −α n x 0 for α 1 = −2.338 and α 2 = −4.088, and x 0 = 5.87µm yielding x 1 = 13.7 µm and x 2 = 24.0 µm, corresponding to the energy eigenvalues E 1 = 1.407 peV and E 2 = 2.461 peV. These values are contained in the error bars, and allow for maximum absolute shifts of the energy levels with respect to the predicted values: A neutron with energy E n is absorbed when the slit aperture h is equal or less than the corresponding classical turning point = 18.0 µm, for |ψ 2 | 2 . Therefore, setting h at about 15 µm (green line) neutrons in the state ψ 2 should not be seen unless a Rabi transition, ψ 1 → ψ 2 induced by ULDM, with probability P 12 , takes place. The second energy level, E 2 , and the probability function, |ψ 2 | 2 , are drawn in dots.
III. ULDM EFFECTS
The interactions of DM fields φ with the SM matter can be described by the effective lagrangian densities
where n indicates the order of the interaction, f stands for the type of the SM matter under consideration and m f and ψ f denote its masses and field operators, respectively. All these structures are weighted by the inverse of the relevant highenergy scales, Λ n,f , that also include the a-priori unknown couplings. The main implication of (6) is the spaceand time-dependent modulation of the fermion masses in the ULDM background
and, in turn, the variation of the local gravitational acceleration (due to the modulation of the mass of the Earth) assuming the DM field permeates through the Earth body, thus making its mass change slightly in time [7] . To evaluate how this affects the GQW we consider the specific case proposed in [7] and assume that the local gravitational acceleration and the mass of the neutron both vary periodically in time as
where ω = nω φ , with ω φ = m φ c 2 /h. The motion along the x axis is governed by the HamiltonianĤ =p 2
x /(2m) + mgx which, by (8) and (9), becomeŝ
Since the corrections due to ULDM interaction are small, i.e. m 1 m 0 amd g 1 g 0 , we can writeĤ Ĥ 0 +V 1 (t), withĤ 0 ≡p 2 x /2m 0 + m 0 g 0x ,V 1 (t) ≡V 1 cos(ωt) and
that are the expressions we shall consider in evaluating the ULDM effects.
A. Time independent corrections
Just for curiosity let us recall that, for n = 1, the oscillation frequency in terms of the ULDM mass m φ is given by
and that the time of flight of neutrons in the GQW studied in [8] is T 40 ms. Obviously, for ωT 1, i.e. m φ 6.8 × 10 −13 eV, one can neglect the time dependence inV 1 (t) and the mere effect of the ULDM consists in the shifts in the energy levels of the unperturbed HamiltonianĤ 0 , E 1 and E 2 . For m φ < 10 −13 eV these can be readily evaluated by looking at s|V 1 |s , s = 1, 2, ..., withV 1 in (11), and, in order to be compatible with the measurement, they should be within the maximum allowed shifts ∆E 1 (14) where E 1,2 are the unperturbed eigenvalues. Clearly the inequalities (13) and (14) give no strong bound on such ULDM couplings.
B. Time dependent corrections
For longer transition times or for higher ULDM Compton frequencies (i.e., larger m φ ) the time dependence ofĤ can not be neglected. Moreover, the time variation ofV 1 (t) may stimulate efficient transitions among different eigenstates leading, eventually, to much stronger limits. In particular, the 1 → 2 transition probability is governed by the notorious Rabi formula [14] 
where δω 2 ≡ ω 2 − ω 2 12 , with ω 12 = 2πf 12 ,
the characteristic frequency, t the time, and
Combining Eqs. (11) and (1) one gets (see Appendix B)
where
Since, in the case of our interest, m 0 g 0 x 0 0.603 peV (see discussion after Eq. (2) 
Therefore, one can think of preparing the system so that only the ground state of energy E 1 is populated [12, 13] . Then, within a given time of flight (which, for ultra-cold neutrons with v y 6.5 ms −1 , is typically of the order of a tenth of a second but, in settings with reflective vertical mirrors on the edges of the main horizontal one, it may be stretched significantly) there is a finite probability for the system to jump to the first excited state ψ 2 . The corresponding probability P 12 is, as usual, maximalized at the resonance, δω 2 = 0, i.e. at ω . = 1596Hz, corresponding, for n = 1, to m φ 4 × 10 −11 eV (scaling properly for higher n) and obeys
(22) for t = 1 s and δ 2 m 10 −5 . Therefore, an experimental limit on P 12 gives a bound on δ 2 m . Concerning the apparent smallness of P max 12 for more realistic values of δ m two comments are in order. First, with reference to Fig.1 , one can think of a detector that can distinguish between the ψ 1 and ψ 2 states (with some efficiency), placed at the end of the apparatus. Then, although the transition probability P 12 is small, even a handful of observed events of the ψ 2 type may constitute the desired signal. Second, after a DM quantum φ has been absorbed by the neutron, inducing the transition 1 → 2, it may then be emitted again, inducing the transition 2 → 1 (with P 21 = P 12 , see Appendix B ). On the other hand, the probability of the absorbtion and the subsequent emission is P 12 P 21 = P 2 12 and, hence, it is strongly suppressed.
IV. CONCLUSIONS
The ultra-light dark matter is an intriguing hypothesis that has recently attracted a lot of attention as one of the most interesting alternatives to the notorious WIMP paradigm. Different in many aspects (in particular, high level of coherence in its interactions with matter), its laboratory-based searches may often be performed in table-top experiments focusing on the response of simple quantum-mechanical systems on the presence of the corresponding quasiclassical background perturbations.
In this study, we focus on one of such systems, namely, the gravitational quantum well which has been recently subject to an intensive laboratory study aimed at measuring the energies of the lowest-laying bound states of neutrons bouncing off the horizontal mirror. In particular, we focus on the influence of a periodic perturbation modelling the variations of the effective gravitational acceleration due to the assumed semi-classical ULDM background on the transition probabilities of the lowest energy (quasi-)stationary neutron states passing through the apparatus. With the Rabi frequency corresponding to the resonance in the ground to the first excited state transition amplitude in the kHz region (leading to a series of "sweet spot" DM masses m φ [eV] ∼ 4 × 10 −11 /n with integer n) we rewrite the relevant probability as a function of the DM mass and effective coupling to the ordinary matter. These parameters can be, subsequently, constrained from the the non-observation of any deviations of the measured transition probabilities from their theoretical ULDM-free spectrum. 
Since the unperturbed eigenvalues are given by
the first term of the correction turns out to be
Analogously, by using the property of the derivatives of the Airy function, ϕ (z) = zϕ(z), the second term of the correction yields s| −p Putting all together, the final result is
which, by numerical evaluation of R s , gives (13) and (14) .
